We study a recently proposed measure for the quantification of quantum non-Markovianity in the dynamics of open systems which is based on the exchange of information between the open system and its environment. This measure relates the degree of memory effects to certain optimal initial state pairs featuring a maximal flow of information from the environment back to the open system. We rigorously prove that the states of these optimal pairs must lie on the boundary of the space of physical states and that they must be orthogonal. This implies that quantum memory effects are maximal for states which are initially distinguishable with certainty, having a maximal information content. Moreover, we construct an explicit example which demonstrates that optimal quantum states need not be pure states.
I. INTRODUCTION
Many quantum physical systems are modelled approximately as closed systems. However, in most practical cases the interaction of a given system with its environment can not be neglected and this makes it necessary to use the theory of open quantum systems [1] . In the past, it has been very common to neglect quantum memory effects and to resort to a Markovian approximation. In many applications the time evolution of the open system is described by a quantum dynamical semigroup represented by a generator of the Lindblad-GoriniKossakowski-Sudarshan form [2, 3] .
However, when the environment has a nontrivial structure, one has to account for memory effects influencing the dynamics of the open system. During recent years, there has been significant conceptual, theoretical, and experimental progress dealing with non-Markovian processes [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . In particular, the very definition of non-Markovianity and quantification of quantum memory effects in the dynamics of open systems has received a lot of interest. Several measures for quantum nonMarkovianity have been proposed which are based on different mathematical and physical concepts [6, [8] [9] [10] [11] .
In the present paper we investigate the nonMarkovianity measure proposed in [8] which expresses the degree of memory effects in terms of the amount of information exchanged between the open system and its environment. Within this approach the degree of nonMarkovianity is connected to certain optimal initial pairs of quantum states, leading to a maximal flow of information from the environment to the open system. Here, we will study the mathematical and physical properties of such optimal state pairs.
Throughout this paper H refers to the Hilbert space of the open quantum system and the corresponding set of physical states, i.e. the set of positive trace class operators ρ with unit trace is denoted by S(H). We assume that the dynamics of the open quantum system can be represented in terms of a one-parameter family
of completely positive and trace preserving (CPT) linear maps Φ t , where Φ 0 is equal to the identity map [1] . We will use the quantity
as a measure for the degree of memory effects in the open system dynamics [8, 9] . Here,
where D denotes the trace distance [21, 22] defined by
By definition, the non-Markovianity measure N (Φ) is a positive functional of the process Φ. It is zero if and only if the trace distance between any pair of initial states is a monotonically decreasing function of time t signifying a continuous loss of information from the open system to its environment. A nonzero value for the measure means that there is an initial state pair for which the trace distance increases over a certain time interval which can be interpreted as a flow of information from the environment back to the open system implying the presence of memory effects. The time integral in (2) determines the total backflow of information for a certain pair of initial states ρ 1 and ρ 2 . The quantity N (Φ) is then found by taking the maximum over all initial state pairs, i.e. N (Φ) represents the maximal possible backflow of information.
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A pair of states ρ 1 , ρ 2 ∈ S(H) is said to be an optimal state pair if the maximum in Eq. (2) is attained for this pair. In the present paper we are interested in the mathematical and physical features of the maximization procedure involved in expression (2) . In particular, we will obtain general statements about the physical properties of optimal state pairs which give rise to the maximal possible degree of memory effects in their dynamics. To this end, we first show in Sec. II A that optimal pairs of states must lie on the boundary of the state space S(H). We then proceed in Sec. II B to demonstrate that the states of any optimal pair must be orthogonal. This is our central result which is physically very plausible since it implies that an optimal pair must have the largest possible initial trace distance D(ρ 1 , ρ 2 ) = 1. Thus, the maximal flow of information from the environment back to the open system emerges if the initial state pair is distinguishable with certainty, i.e. has a maximal information content. We discuss specific features of the case of infinite-dimensional state spaces in Sec. II C, and present in Sec. II D an alternative proof for the orthogonality of optimal state pairs which employs the joint translatability of nonorthogonal states.
In the simple case of a qubit, the orthogonality of the optimal pair implies that both states of the pair must be pure. In Sec. III we study the question of whether this statement holds true for higher dimensional systems. The answer is negative. In fact, we will construct in this section an example for the dynamics of a three-level system (Λ-system) for which the optimal pair is not a pure state pair. Thus, optimal state pairs exhibiting maximal backflow of information can indeed be mixed states. Finally, we draw some conclusions from our results in Sec. IV.
II. CHARACTERIZING OPTIMAL PAIRS OF QUANTUM STATES
A. Restriction to the boundary of the state space The state space S(H) of an open quantum system is given by the set of positive trace class operators on its Hilbert space H with trace one [23] ,
On the basis of the convex structure of the state space one can define the boundary ∂S(H) of S(H) as follows. A point ρ ∈ S(H) is defined to be an interior point if and only if for all σ ∈ S(H) there is a real number λ > 1 such that
Denoting the set of all interior points byS(H), one defines the boundary of the state space by
∂S(H) = S(H) \S(H).
Thus, ρ ∈ ∂S(H) if and only if there exists σ ∈ S(H) such that for all λ > 1 the operator (1 − λ)σ + λρ does not belong to the state space S(H).
It is easy to show that a density matrix ρ ∈ S(H) belongs to the boundary ∂S(H) of the state space if it has a zero eigenvalue. In fact, let |ϕ be a normalized eigenvector of ρ with eigenvalue zero, and P = |ϕ ϕ| the corresponding projection operator. Then, for all λ > 1 the operator (1 − λ)P + λρ has the negative eigenvalue 1 − λ < 0 with corresponding eigenvector |ϕ , and thus does not belong to the state space.
For finite-dimensional systems the boundary ∂S(H) actually contains only states with zero eigenvalues. This can be seen by setting λ = 1 + with > 0 in (6) which yields the operator ρ = (1 + )(ρ − (1 + ) −1 σ). If all eigenvalues of ρ are strictly positive, it follows from the continuity of the roots of the characteristic polynomial that for sufficiently small also all eigenvalues of ρ are positive. This shows that states with strictly positive eigenvalues are in the interiorS(H) such that ∂S(H) = {ρ ∈ S(H)|0 ∈ spec(ρ)} for finite-dimensional systems.
As has been mentioned already in the introduction a pair of states ρ 1 , ρ 2 is said to be an optimal state pair if the maximum in Eq. (2) is attained for this pair, i.e., if
holds for this pair. If we speak of an optimal pair we will always assume that the quantum process under consideration is non-Markovian, i.e. N (Φ) > 0, since otherwise any pair of quantum states would be trivially optimal. Moreover, we note that the optimality property implies of course that ρ 1 = ρ 2 .
Theorem 1. Let ρ 1 , ρ 2 ∈ S(H) be an optimal state pair. Then both states lie on the boundary of the states space,
Proof. Suppose that (at least) one state of the pair, say ρ 2 , does not belong to the boundary. Hence, ρ 2 is an interior point and there exists λ > 1 such that
is a quantum state (see Fig. 1 ). The time evolution of the three states is given by ρ i (t) = Φ t (ρ i ), i = 1, 2, 3. By the linearity of the dynamical map we have
and, hence,
It follows that
Note that λ is a fixed number strictly larger than 1. Thus, the last equation tells us that the trace distance between ρ 1 (t) and ρ 3 (t) is always larger by the constant factor λ than the trace distance between ρ 1 (t) and ρ 2 (t). This implies that the quantity σ>0 dt σ(t, ρ 1 , ρ 3 ) is larger than σ>0 dt σ(t, ρ 1 , ρ 2 ) by the same factor λ (see Eq. (3)). It follows that ρ 1 , ρ 2 cannot be an optimal pair which is a contradiction. Consequently, any optimal pair of states must belong to the boundary of the state space. Thus we see that the maximization over all initial state pairs in the definition (2) of the non-Markovianity measure N (Φ) can be restricted to the boundary ∂S(H) of the state space,
We emphasize that this result is valid for any Hilbert space H and for any family of linear dynamical maps Φ t . The linearity guarantees the invariance of the decomposition defined in (9) for all times t (see Fig. 1 ).
B. Orthogonality of optimal state pairs
In this section we demonstrate that optimal state pairs must be orthogonal which strengthens the result of Sec. II A. We recall that two quantum states ρ 1 and ρ 2 are said to be orthogonal, ρ 1 ⊥ ρ 2 , if and only if their supports are orthogonal, supp(ρ 1 ) ⊥ supp(ρ 2 ), where the support is defined as the subspace spanned by the eigenvectors with nonzero eigenvalues. Note that the orthogonality of two states implies that both states have a zero eigenvalue and, hence, that both states belong to the boundary of the state space. We also mention that the trace distance between any two quantum states satisfies D(ρ 1 , ρ 2 ) ≤ 1, where the equality sign holds if and only if ρ 1 ⊥ ρ 2 . Orthogonality is thus equivalent to unit trace distance [21, 22] .
Theorem 2. Optimal state pairs are orthogonal.
Proof. Let ρ 1 , ρ 2 ∈ S(H) be an optimal pair of states, and suppose that the states are not orthogonal, ρ 1 ⊥ ρ 2 . According to the Jordan-Hahn decomposition [22] there exist positive and orthogonal operators P 1 and P 2 such that
Taking the trace of this equation we see that λ ≡ TrP 1 = TrP 2 . From ρ 1 = ρ 2 we conclude that λ > 0. Using Eq. (14), the orthogonality of P 1 and P 2 , and the fact that the trace distance between nonorthogonal states is always strictly smaller than 1, we find
(15) Thus, we have 0 < λ < 1. Now we define the operators σ 1 = P 1 /λ and σ 2 = P 2 /λ. Being positive and of unit trace, these operators represent quantum states. Moreover we have
By use of the linearity of the dynamical maps we obtain
from which it follows that
Since λ −1 > 1 we can conclude from the last equation that the pair σ 1 , σ 2 yields a non-Markovianity which is strictly larger than that of the pair ρ 1 , ρ 2 , which contradicts the assumption that ρ 1 , ρ 2 is an optimal pair. Hence, ρ 1 and ρ 2 must be orthogonal.
It follows from theorem 2 that the maximization in the definition (2) of the measure N (Φ) for quantum nonMarkovianity can be restricted to orthogonal initial state pairs. Again, this result holds for any Hilbert space H and any family of linear dynamical maps Φ t .
C. Infinite dimensional state spaces
It is important to emphasize that for infinite dimensional spaces an optimal state pair need not necessarily exist. To be mathematically more precise, the maximum in the definition (2) for the non-Markovianity measure should be replaced by the supremum to account for such cases.
In theorems 1 and 2 we have assumed that an optimal pair of states does exist. If there is no such pair there is a sequence of state pairs ρ 
D. Orthogonality and parallel translations
In this section we present an alternative proof for the orthogonality of optimal state pairs, where we restrict ourselves to finite dimensional Hilbert spaces, dim H = N . This proof could be of interest also in other contexts since it relies on the behavior of pairs of states under parallel translations.
The idea of the proof is based on the observation gained from two-level systems that nonorthogonal states on the boundary of the state space can be simultaneously translated by a traceless Hermitian operator to yield a pair of mixed states, while the trace distance of the pair is invariant under such translations. To make this idea more precise we define
to be the set of nonzero, Hermitian and traceless operators on H.
Definition. Two states ρ 1 , ρ 2 ∈ S(H) are called jointly translatable if and only if there exists an A ∈ E(H) such that ρ k − A ∈ S(H) for k = 1, 2.
Hence, two states are said to be jointly translatable if and only if there is a nontrivial Hermitian and traceless operator A which can be subtracted from the states without leaving the state space. We prove that any pair of nonorthogonal states is jointly translatable in such a way that both translated states do not belong to the boundary of the state space.
Theorem 3. If ρ 1 , ρ 2 ∈ S(H) and ρ 1 ⊥ ρ 2 then ρ 1 , ρ 2 are jointly translatable. Moreover, there exists an operator A ∈ E(H) such that ρ k − A / ∈ ∂S(H) for k = 1, 2.
Proof. Let ρ 1,2 be given in terms of their spectral decomposition,
where p 
where the normalization constants obey c −1 ± = 2(1 ± α). The projections onto these states are denoted by P ± . By positivity of the overlap α one has c + < c − . Now, we define A ≡ · B ,
where > 0 is a real number to be chosen later. Clearly, B † = B, B = 0 and TrB = 0 so that A is a candidate for the traceless hermitian operator which simultaneously shifts both states. Furthermore, as c + < c − one recognizes that the two last terms are negative semidefinite while the first one is positive semidefinite. In order to show positivity ofρ k ≡ ρ k − A for an appropriate choice of we consider the quantity χ|ρ k |χ for an arbitrary normalized vector |χ ∈ H. We find
1 |χ χ|ψ
where
2 ≥ 0 and since c −2
by definition of c ± . In the last step one uses the fact that Re(z) ≤ |z| for all complex numbers z, and that | ψ 
One can show that this function is strictly positive for k = 1, 2 if satisfies
Thus, if we choose any satisfying (26) we obtain g (| χ|ψ (k) 1 |) > 0 for all normalized vectors |χ ∈ H and k = 1, 2 which leads to χ|ρ 1,2 |χ > 0. This demonstrates thatρ 1,2 is positive and has no zero eigenvalue, i.e. ρ 1,2 ∈S(H) due to the characterization of the boundary in terms of the eigenvalues given in Sec. II A. In particular, ρ 1 and ρ 2 are jointly translatable.
We remark that the converse of the statement of theorem 3 holds, too. Thus, two states are jointly translatable if and only if they are not orthogonal.
Theorem 2 can now be proven as follows. Let ρ 1 , ρ 2 be an optimal pair, and suppose that ρ 1 ⊥ ρ 2 . Then by theorem 3 there exists an operator A ∈ E(H) such that ρ k ≡ ρ k − A / ∈ ∂S(H S ). Applying theorem 1 we conclude that the statesρ k are not optimal. Since ρ 1 −ρ 2 =ρ 1 −ρ 2 it follows that also the states ρ k are not optimal, which represents a contradiction. Therefore, the optimal pair has to be orthogonal.
III. PURITY OF OPTIMAL PAIRS
As a simple application of theorem 2 one obtains the result that for all non-Markovian quantum processes of a two-dimensional system (qubit) the maximal backflow of information occurs for a pair of pure, orthogonal initial states, corresponding to antipodal points on the surface of the Bloch sphere. This follows immediately from the fact that for qubits the set of pure states is identical to the boundary ∂S(H) of the state space. For higherdimensional systems this is no longer true, i.e., the set of pure states represents a proper subset of the boundary in this case. In this section we will construct an explicit example for an open system dynamics in a threedimensional Hilbert space for which the optimal pair is not a pair of pure states.
We consider a Λ-system which interacts with an offresonant cavity field. The weak-coupling master equation of this model is given by [9] 
where |a refers to the excited and |b , |c to the two ground states. The coefficients λ 1,2 (t) and γ 1,2 (t) are determined by the spectral density of the cavity field. Introducing the functions
we find that the solution of the master equation yields the dynamical map
(31) The functions f , g 1 and g 2 have to obey the following relations which guarantee that Φ Λ t is trace preserving and completely positive,
We consider now, for simplicity, the case where the Lamb-shifts λ i are equal to zero, while the decay rates γ i in the dissipator of the master equation (27) are chosen to obey one period of small oscillation,
It is easy to check that for this choice the conditions (32) and (33) are satisfied. We have carried out numerical simulations, drawing random pairs of pure, orthogonal initial states and determining the corresponding increase of the trace distance for each initial pair. The results are shown in Fig. 2 . We see from the figure that there is a finite gap between the maximal possible increase of the trace distance for pure, orthogonal initial pairs, and the increase of the trace distance corresponding to the initial pair
which consists of the excited state and the uniform mixture of the two ground states (indicated by the arrow in Fig. 2) . Thus, this example clearly demonstrates that for Hilbert space dimensions larger than two, the optimal initial state pair can indeed contain a mixed state for certain non-Markovian dynamical maps [25] . 
IV. CONCLUSION
In this paper we have shown that optimal pairs of initial states for non-Markovian quantum dynamics must be orthogonal which implies that these states can be distinguished with probability 1 by a single measurement. Optimal state pairs thus have the maximal possible amount of initial information and are therefore capable of emitting and reabsorbing the maximal amount of information during the non-Markovian dynamics.
We emphasize that the proof of these statements only relies on the convexity of the state space and on the linearity of the dynamical maps. Our results are thus very general and can be applied to any quantum process describable by a family of linear dynamical maps Φ t in any Hilbert space. Strictly speaking, even the complete positivity of the dynamics is not needed. In fact, it suffices to assume that the maps Φ t are positive since even tracepreserving positive maps are contractions for the trace distance [24] .
We have further demonstrated that for Hilbert spaces with dimensions of at least 3 optimal state pairs need not consist of pure states, in contrast to the case of a qubit where optimal pairs are always antipodal points on the Bloch sphere, and as such pure. The example constructed here leads to an optimal pair consisting of a pure and a mixed quantum state. We conjecture that in Hilbert spaces of dimension 4 and higher one can also construct quantum processes for which both states of the optimal pair are true mixtures. Finally, we mention that on the basis of the present results further, more specific statements could be proven if one assumes additional properties of the quantum process, such as invariance under certain symmetry groups, or the existence of invariant states. In addition, the notion of joint translatability provides new insights into the structure of the state space and might serve for further applications.
